Abstract-An h-ary relation ρ on a finite set A is said to be hereditarily rigid if the unary partial functions on A that preserve ρ are the subfunctions of the identity map or of constant maps. A family of relations F is said to be hereditarily strongly rigid if the partial functions on A that preserve every ρ ∈ F are the subfunctions of projections or constant functions. In this paper we show that hereditarily rigid relations exist and we give a lower bound on their arities. We also prove that no finite hereditarily strongly rigid families of relations exist and we also construct an infinite hereditarily strongly rigid family of relations.
I. INTRODUCTION
Let k ≥ 2 and k := {0, . . . , k − 1}. For a positive integer n, an n-ary partial function on k is a map f : dom (f ) → k where dom (f ) is a subset of k n , called the domain of f . Let Par(k) (n) denote the set of all nary partial functions on k and let Par(k) := n≥1 Par(k) (n) .
Set Op(k) (n) := f ∈ Par(k) (n) | dom (f ) = k n and call Op(k) := n≥1 Op(k) (n) the set of all (total) functions on k.
A partial function f ∈ Par(k) (n) is a subfunction of g ∈ Par(k) (n) (in symbols f ≤ g ) if dom (f ) ⊆ dom (g) and f ( x) = g( x) for all x ∈ dom (f ). A partial function f is constant if it does not have two distinct values. For every positive integer n and every 1 ≤ i ≤ n, let e n i denote the n-ary i-th projection defined by e n i ( a) = a i for all a := (a 1 , . . . , a n ) ∈ k n . Set J(k) = {e n i | n ∈ N, 1 ≤ i ≤ n}, i.e., J(k) is the set of all projection functions on k. We denote by id the identity map on k (instead of e 1 1 ). Any subfunction of a projection is called a partial projection. As usual, if f is any function we denote by dom (f ) its domain and by img (f ) its range. If f and g are two functions and img (g) ⊆ dom (f ) we set f • g for the composition defined in a natural way. A partial clone on k is a composition closed subset of Par(k) containing the set of all projections. A partial clone C contained in the set Op(k) of all total functions is called a clone on k. Moreover, a partial clone C is called strong if it contains all subfunctions of its functions, i.e., if for all functions f and g, if f ∈ C and g ≤ f , then g ∈ C. Let m ≥ 1, an m-ary relation on k is a subset ρ of k m . Let n ≥ 1 and let f ∈ Par(k) (n) . We say that f preserves ρ, or ρ is invariant under f , if for every m × n matrix M = [M ij ] whose columns M * j ∈ ρ, (j = 1, . . . n) and whose rows M i * ∈ dom (f ) (i = 1, . . . , m), we have (f (M 1 * ), . . . , f (M m * )) ∈ ρ. Set pPol ρ := {f ∈ Par(k) | f preserves ρ} and Pol ρ := (pPol ρ) ∩ Op(k). Moreover let pPol (1) ρ := (pPol ρ)∩Par(k) (1) denote all partial unary functions that preserve ρ. Similarly let Pol (1) ρ := (Pol ρ) ∩ Op(k) (1) denotes all (total) unary functions that preserve ρ.
Remark 1. It follows from the definition of pPol ρ that if
there is no matrix M whose lines and columns satisfy the two conditions above, then f ∈ pPol ρ.
Remark 2.
Given a non-empty h-ary relation ρ on k then, provided that k ≥ 2, there is always a partial constant unary function f that is not a partial projection function and that preserves ρ. Indeed if for some a ∈ k, (a, . . . , a) / ∈ ρ, then choose b = a and define the partial constant function f b by dom (f b ) = {a} and f b (a) = b. Then f b ∈ pPol (1) ρ by definition. On the other hand, if (a, . . . , a) ∈ ρ for all a ∈ k, then again the above defined partial constant function
It is well known (see, e.g., [8] Sections 2.6 and 20.3) and easy to show that pPol ρ (resp. Pol ρ) is a strong partial clone on k (resp. a clone on k) called the partial clone (resp. the clone) determined by ρ.
Remark 3. In what follows, we deal only with non-empty relations.
Rigid binary relations are introduced in [10] . An h-ary relation ρ on k is said to be rigid if Pol (1) ρ = {id}, i.e., if the identity map is the only unary function on k that preserves ρ. Moreover ρ is strongly rigid if Pol ρ = J(k), i.e., if the set of all (total) functions on k that preserve ρ consists of all projection functions on k. Rigid and strongly rigid relations have been studied in the literature (see, e.g. [2] , [4] , [5] , [9] , [10] ). When dealing with partial functions, it seems natural to extend this concept. However, as mentioned in Remark 2, rigid relations with respect to partial functions are trivial. In fact, since pPol ∅ = Par(k), for k ≥ 2, such relations do not exist at all. Hence, we focus on the notion of semirigidity.
Recall that a relation ρ is semirigid (resp. strongly semirigid) if every unary function (resp. arbitrary function) that preserves ρ is the identity map or a constant map (resp. a projection or a constant function) (see, e.g. [1] , [4] , [6] , [11] ). We call these generalizations hereditarily rigid and hereditarily strongly rigid (rather than hereditarily semirigid and hereditarily strongly semirigid). For ℓ ≥ 1, we define
Definition 4.
Let h ≥ 1, ρ be an h-ary relation on k and ℓ be an integer with
For simplicity, we have consider this condition instead pPol (1) ρ ⊆ Ω <ℓ (k) which would seem the natural generalization of semirigidity. We leave to a further study, the consideration of this generalization and we refer to Lemma 9 for a possible relationship between the two notions. By Remark 2, we know that for any relation ρ on at least two elements, there is always a partial constant function that preserves ρ. In particular:
Then there is no hereditarily 1-rigid relation on k.
For ℓ = 2, we will drop ℓ in the definition of ℓ-rigidity. We define hereditarily strongly rigid relations as follows.
Definition 6.
A family of relations R on k is said to be hereditarily strongly rigid if ρ∈R pPol (ρ) is the partial clone generated by all partial constant functions on k.
In particular an h-ary relation ρ on k is hereditarily strongly rigid if pPol ρ is the partial clone on k generated by all constant functions on k. Equivalently a partial function preserves ρ iff it is a partial projection or a partial constant function. Since a hereditarily ℓ-rigid relation (ℓ ≥ 2) (resp. a hereditarily strongly rigid relation) is preserved by the partial constant functions and is non-empty, then it must contain the diagonal relation {(x, . . . , x) | x ∈ k}.
II. HEREDITARILY RIGID RELATIONS
In this section we show that non-trivial hereditarily rigid relations exist and we give an upper bound on the size of their domain. Let X be a set and m ≥ 1. We denote by P(X) the powerset of X. We denote by X m the subset of P(X) made of melement subsets of X. We recall that an antichain of subsets of X is a collection of subsets such that none is contained in another. We recall the famous theorem of Sperner (see [3] ): Let n ≥ 1. We set [n] := {1, . . . n}; we identify ntuples of elements of X with maps from [n] to X. Let
We note that β n n (X) is the set of all n-tuples with pairwise distinct entries, hence if ℓ := |X|, then |β n n (X)| is the falling factorial ℓ n := ℓ · (ℓ − 1) · · · (ℓ − n + 1). On the other hand, β n ℓ (X) identifies with the set of surjective maps from [n] onto X. Denote this number by s(n, ℓ) and recall that it satisfies the formula:
.
For (4) observe that a partial function f belongs to pPol (1) ρ if and only if every subfunction with domain of size at most h belongs to pPol (1) ρ.
Let Ψ ℓ (k) be the set of one-to-one partial unary functions on k which are not below the identity and whose domain has size ℓ. This definition amounts to:
Lemma 10. Let ρ be a hereditarily ℓ-rigid relation and f ∈ Ψ ℓ (k). Then there is some x ∈ ρ with img ( x) = dom (f ).
Proof: Clearly, f ∈ pPol (1) ρ. Hence, there is
The next lemma shows that we only need to consider functions whose domain has size ℓ.
Assume to the contrary that f / ∈ Ω <ℓ (k), i.e. f ≤ id and |img (f )| ≥ ℓ. Then there is some X ⊆ dom (f ) with |X| = ℓ and |f (X)| = ℓ. By hypothesis, g := f ↾X ∈ Ω ℓ (k). Since |img (g)| = ℓ, we have g ≤ id, i.e., f (x) = x for all x ∈ X.
(1) Suppose that there exists y ∈ dom (f ) \ X such that f (y) ∈ X. Then consider Y := X\{f (y)}∪{y}. Let g := f |Y . Clearly, g ≤ f and |dom (g)| = |Y | = |X| = ℓ, hence from the hypothesis of the lemma we have g ∈ Ω <ℓ (k). Since |img (g)| = |X| = ℓ we have g ≤ id, i.e., f (y) = y, but this contradicts y / ∈ X and f (y) ∈ X. (2) Otherwise, we have f (y) / ∈ X ∪ {y} for all y ∈ dom (f ) \ X. Since f ≤ id there exists some y ∈ dom (f ) \ X such that f (y) ∈ X ∪ {y}. Then consider Y := (X \ {x}) ∪ {y} for some x ∈ X and let g := f |Y . Clearly, g ≤ f and |dom (g)| = |Y | = |X| = ℓ thus, again, g ≤ id, hence f (y) = y, but this contradicts f (y) / ∈ X ∪ {y}. In both cases, we get a contradiction and, hence, f ∈ Ω <ℓ (k) as claimed.
Theorem 12. A relation ρ is hereditarily
Proof: Trivially, if ρ is hereditarily ℓ-rigid, then the two conditions are satisfied since pPol
18, there is some g ≤ f with |dom (g)| = ℓ such that g ∈ Ω <ℓ (k). We have g ∈ Ψ ℓ (k) hence, according to the first condition, g ∈ pPol (1) ρ. This is impossible since every subfunction of f must belong to pPol (1) ρ. This proves that pPol (1) ρ ⊆ Ω <ℓ (k). Since the second condition asserts that
is hereditarily ℓ-rigid. It follows from the statements above that we only need to consider the tuples with exactly ℓ different entries in a hereditarily ℓ-rigid relation ρ. We connect ℓ-rigid relations to antichains of subsets.
Definition 13. Let ρ be an h-ary relation on k, and ℓ ≥ 1. We define the function
Identifying t-tuples with functions, and denoting by • the composition of functions, the definition above rewrites as:
In Sections 2 and 4 we will use the following two definitions and Proposition 16 below.
We define the h-ary relation ρ T on k by setting: According to this definition F x→ y is a partial unary function on k with domain img ( x) and image img ( y).
Proposition 16. Let ρ be an h-ary relation on k, π be a permutation on [ℓ] and x
Lemma 18. Let ρ be an h-ary relation on k, ℓ ≥ 2 and
Proof: By definition, we have F x→ y ∈ pPol (1) 
And thus F x→ y ∈ pPol ρ (1) .
From this, we obtain: 
is an antichain with respect to set inclusion. The converse holds provided that
and s(h, ℓ) is the number of surjections of
The aim of the next section is to show that for ℓ = 2, this bound can be attained, and that for ℓ > 2 the actual upper bound is not much lower than the one in the previous corollary.
III. THE CASE ℓ = 2
For h ≥ 2, we have s(h, 2) = 2 h − 2, and thus s(h, 2)/2 = 2 h−1 − 1 is odd. Hence, there is just one antichain of maximal size on the set β 
For example, if h := 1, 2, 3, 4, 5 the largest values of k are respectively: 0, 2, 5, 59, 12455. Using an approximation of the binomial coefficient via Stirling's formula we get an h-ary hereditarily 2-rigid relation iff
which basically grows double exponentially.
IV. THE CASE ℓ ≥ 3
Denote by S ℓ the set of permutations of [ℓ] . Let π ∈ S ℓ and X ⊆ β 
This function T fulfills the condition in Proposition 16, and its range is an antichain. By Theorem 19, the relation ρ T is hereditarily ℓ-rigid.
Corollary 22. Let k, ℓ, and h with ℓ < h such that
Then there is an h-ary hereditarily ℓ-rigid relation on k.
This upper bound is not optimal, as the construction above is brute force. But there is only a constant (for constant ℓ) factor between this bound, and the one given before.
Theorem 23. Let r(ℓ, h) be the maximum cardinality of h-ary hereditarily ℓ-rigid relations. Then
Furthermore, lower and upper bound on r(ℓ, h) differ approximately by a constant factor for constant ℓ, and h ≫ ℓ:
V. HEREDITARILY STRONGLY RIGID RELATIONS
In this section we prove that no finite hereditarily strongly rigid family of relations exists and we also construct an infinite hereditarily strongly rigid family of relations.
Lemma 24. Let k ≥ 2, n ≥ 3 and n > h ≥ 1. There is an n-ary partial function φ n on k that is neither a partial projection nor a partial constant and that preserves all h-ary relations on k.
Proof: For n ≥ 3 consider the n-ary partial function φ n defined by dom (φ n ) := {(0, 1, 1, . . . 
Call M the above left hand side matrix. The partial function φ n takes two values and so is not a constant function. Since the tuple (1, 0, . . . , 0) t is not a column of the matrix M , the partial function φ n is not a partial projection. However, if g ≤ φ n is a subfunction of φ n with dom (g) = dom (φ n ), then g is a partial projection function. Indeed, it is easy to see that if for some i = 1, . . . , n, we have M i * ∈ dom (g), then g = e n i |dom (g) . Now let ρ be an h-ary relation on k with h < n and let N be an h × n matrix with all columns N * j ∈ ρ and all rows N i * ∈ dom (φ n ). Since h < n the matrix N does not contain all rows of the matrix M defined above, and so the partial function φ n restricted to the rows of the matrix N is a partial projection function; it therefore preserves the relation ρ. pPol (ρ i ).
Proof: For i = 1, . . . , t let h i be the arity of the relation ρ i and let n := max{h i | i = 1, . . . , t} + 2. Then the n-ary function φ n constructed above preserves all relations ρ i . As a consequence of this, we get:
Theorem 26. Let k ≥ 2. Then there is no hereditarily strongly rigid finite family of relations on k.
Remark 27. Note that some relations that are strongly rigid with respect to total functions are studied and described in [2] , [4] , [5] , [9] .
In view of the results above, one may ask if there exist a hereditarily strongly rigid infinite family of relations on k, i.e., a family of relations R such that ρ∈R pPol (ρ) is the partial clone generated by the constant functions on k.
In what follows we consider relations and partial clones on 2 := {0, 1}. The construction below can be generalized over any finite set. Denote by C the strong partial clone generated by all partial constant functions on 2.
